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The method of multiple scales is used to determine the temporal and spatial
variation of the amplitudes and phases of capillary-gravity waves in a deep
liquid at or near the third-harmonic resonant wave-number. This case corre-
sponds to a wavelength of 2-99 cm in deep water. The temporal variation shows
that the motion is always bounded, and the general motion is an aperiodic
travelling wave. The analysis shows that pure amplitude-modulated waves are
not possible in this case contrary to the second-harmonic resonant case. More-
over, pure phase-modulated waves are periodic even near resonance because the
non-linearity adjusts the phases to yield perfect resonance. These periodic waves
are found to be unstable, in the sense that any disturbance would change them
into aperiodic waves.

1. Introduction

Resonances in the interaction of capillary and gravity waves were found by
Harrison (1909) and Wilton (1915) to occur at the denumerable set of critical
wave-numbers, k,, = (pg/nT)}, where n is an integer greater than unity, g is the
body acceleration acting toward the liquid, and p and T are, respectively, the
density and surface tension of the liquid. They found that the higher-order terms
in a Stokes-type perturbation expansion are singular at these critical wave-
numbers. The first two critical wave-numbers correspond to wavelengths of
2:44 and 2-99 cm in deep water.

Wilton modified his expansion so that the first term includes the fundamental
and its second harmonic, and obtained a definite expansion for periodic travelling
waves at the first critical wave-number. He found that two types of periodic
waves could exist at this critical wave-number: one is capillary-like with a wave
speed that decreases as the amplitude increases, and the other is gravity-like
with a wave speed that increases as the amplitude increases. At this critical wave-
number Wilton (1915) predicted single- and double-dimpled wave profiles, while
Schooley (1960) observed double-dimpled wave profiles by means of enlarged
pictures of short-fetch, wind-generated waves. Pierson & Fife (1961) determined
a first-order expansion at or near the first critical wave-number using the method
of straining of co-ordinates (Van Dyke 1964).
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Kamesvara Rav (1920) analyzed the non-linear capillary-gravity wave
interaction in a liquid of finite depth. He found that the second approximation is
singular for some wave-number. He produced, experimentally, wave profiles
near this critical wave-number which show pronounced second-harmonic dis-
tortion. Barakat & Houston (1968) extended the analysis of Pierson & Fife to the
case of a liquid with finite depth. Nayfeh (19704) obtained a second-order expan-
sion for periodic travelling waves at or near the first critical wave-number in a
liquid of finite depth using the method of multiple scales (Nayfeh 1965b, 1968).
Nayfeh & Saric (1971) extended the latter analysis to take into account the non-
linear pressure perturbation exerted by a subsonic external flow on the surface of
the liquid due to the appearance of waves.

MecGoldrick (1965) analyzed the temporal resonant interactions of capillary
and gravity waves within the framework of triad resonance (Phillips 1960;
Benney 1962). Simmons (1969) and McGoldrick (19705) investigated the temporal
and spatial variation of the amplitudes and phases at the first-critical wave-
number in a deep liquid using an averaging of the Lagrangian and the method of
multiple scales, respectively. They found that three types of motion are possible:
(i) pure amplitude modulation, (ii) pure phase modulation, and (iii) amplitude
and phase modulation. McGoldrick (1970a) confirmed experimentally the
theoretical results for pure amplitude-modulated waves. Nayfeh (19715)
extended the analysis of McGoldrick (19705) by including the effects of (@) near
resonance, (b) a finite liquid depth, and (¢) pressure perturbations exerted by an
external subsonic gas on the liquid surface. He found that the motion may be
unbounded for certain gas-flow conditions, as in the cases of two-to-one (Nayfeh
1971 a) and three-to-one (Nayfeh & Kamel 1970) resonances near the equilateral
points in the restricted problem of three bodies where the motion may be un-
bounded. However, in the absence of the external gas, the motion is always
bounded. Pure amplitude-modulated waves were found to be possible only at
perfect resonance, and pure phase-modulated waves were found to be periodic due
to the adjustment of the phases to yield perfect resonance.

Nayfeh (1970b) obtained a second-order expansion for the periodic waves near
the second critical wave-number in a deep liquid using the method of multiple
scales. He found that three periodic waves are possible near resonance; one is a
gravity-like and the other two are capillary-like.

The purpose of the present paper is to investigate the temporal and spatial
variation of theamplitudes and phases near the second critical wave-number using
the method of multiple scales (Nayfeh 1965a). The next section contains the
problem formulation. The non-resonant case is analysed in § 3 while the resonant
cage is analyzed in §4,

2. Problem formulation

With respect to a Cartesian co-ordinate system whose x axis lies in the undis-
turbed free surface and its ¥ axis normal to this surface and directed away from
the liquid, the dimensionless potential function ¢(x, y, f) representing the liquid
motion is governed by V2g = 0, (2.1)
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for —wo <z <o and —o0 <y < Y(x,t), (2.2)

where 7 is the elevation of the wave above the undisturbed surface. Here, dis-
tances and time are made dimensionless using the wave-number %’ of the funda-
mental mode and the time (gk’)—%. The boundary conditions are

Vp—>0 as y——o0, (2.3)

Nt Py =19, at y=1, (2.4)

1= = Bgp(l+90) " —3(P2+¢3) at y=1, (2.5)

where k = k'(T|pg)t. (2.6)

To determine an approximate solution to (2.1)—(2.5) for small but finite ¢
(i.e. maximum wave steepness ratio), we use the method of multiple scales
(Nayfeh 19654, 1968) by introducing the temporal scales T = ¢ and T}, = €2, and
the spatial scales X, = wand X, = ¢%r. Moreover, we assume that  and ¢ possess
uniformly valid expansions of the form

3

n= glennn(xo: XZ’ T{): 712)"'0(64)’ (2-7)
3
¢ = 21 6""¢n(X0, Xz’ Y, TO’ T2) + 0(64)' (2-8)

The functions 7 and ¢ were taken to be independent of the scales X, and 7}
because the resonant interactions do not occur before O(¢®). Had we included
their effects, we would have found that 5 and ¢ are independent of them.

Substituting (2.7) and (2.8) into (2.1)~(2.5), and equating coefficients of like
powers of ¢, we find that each ¢, satisfies (2.3), and

order € %_}_6@2_521 =0, (2.9)
zi{ﬁf%_o at y=0, (2.10)
Th— 2?11 k%}’;_o at y=0; (2.11)
order €2 %+f—f:= ) (2.12)
giji %:%%—ﬂl% at y=0, (2.13)
SN T Y
order €3 2—2)%% %%:-—232?:?}2, (2.15)
 th_ SO (B o) O
o, oy ~ 0X,0X, \aX,0y T oX,) X, M o2
%16351 22—51—?{1—} at y=0, (2.16)
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_% 2 3773 0py 0y 0Py 0,

T n, T ax2 T T oX,0X, oy oy
( PPy 3¢1+%%) 3)2 o* " 3771
oX,0yoX, oy* oy X2 \oX,

0Py 3¢, ¢y
gy T ¥ e, T Ty,

o, G
= 2k2 = 0. 2.
+3T2+ 3X,0X, at y=0 (2.17)
The solution of the first-order problem is
ST "4 (Xy, Tp)en X 10 + 4, (X, Ty)eonXo 0], (2.18)

—1
¢y =—1 21 'L—:f [4,(X g, Tp)etnXo 1o — 4,X n(X o, Tp)e i Zo Toleny, (2.19)
n=
where 0, =nXog+p, Ty, po =nnk2+1). (2.20)
The resonant wave-numbers are given by
B =npy or k2 =1/n. (2.21)
The non-resonant case is treated in the next section while the resonant case with
n = 3is treated in §4.

3. Non-resonant case
In this case, we take

N = Ay(Xy, Tp) e+ A, (X, Ty) e, (3.1a)
b1 = — i [A( Xy, Tp) €01 — A, (0,5, Tp)e 01 V. (3.1b)
Substituting for 7, and ¢, into the second-order equations, and solving for 7, and
, we get 1
¢2 772 _ +2k2 [A2 210y +A2 “27401] (3.2)
; k? 2 o200 42 p—2i6,7 o2
by = ——3@/»11—_—2—102[Ale L — A2e—2101] ¢, (3.3)
With the first- and second-order solutions known, (2.15)—(2.17) become
02 0 04,
37?—5+7¢3 = — "1aX 1gitiey 4+ CC, (3.4)
3_773 O¢s _ % 1, 5+8k* , i6
T, oy ~ | T am, T g i e
. 144k
+ 9z,u + T2 ———— A3¢%6: 4. CC, (3.5)

04 5 1+k% 3 &k
2 142k 21+k2

8¢0 28 N3 . 04, ., 204, 5
Na— aT ~k aXz =t "3572 + 2tk 5~X~2 —
(1 3 k2 14+ 13k2

5 21t 1—2k2)A§eml+0C’ ®9)
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where CC stands for the complex conjugate. The particular solution of (3.4)—(3.6)
subject to Vg — 0 as y—— oo contains secular terms of the form 7, or X, exp 6,
which make 7,/%, be unbounded as T, or X,—00. The condition which must be
satisfied for there to be no secular terms is
04, 04, 1 8+ k?+ 2k* .
8—112_’”’15)—(—2 2Uh (1_2k2)(1+k2)A1A1> (37)
where u, = (3k%+ 1)/2u, is the dimensionless group velocity.
Letting A, = }a, exp¢f, with real @, and f, and separating real and imaginary
parts in (3. 7) we get

oay = 9a,
aTZ 1 aX O! (3‘8)
[ZA By 84+ k242K
oT,” “ox, ~ T2k (1 + %) M (3.9)
The solution of (3.8) is a, = f(Xo+u 1), (3.10)

where the function f is determined from the initial conditions. Then, the solution
of (3.9) is
1 p, 8+k2+2k%

=35 = ) (e~ B &+ B +g(Xy - B)], (3.11)

where ¢ is also determined from the initial conditions. Thus, the motion consists
of amplitude- and phase-modulated waves.
The free surface to third order is

1+ k2
7 = €a, cos8 6, + %€ 1—;— a3 cos 20,

2k

2kA+ Tk + 2
(1= 2k%) (1—3%?)
where a, = f(e*x +€e2u, ), (3.13)

1y, 8+k24+2k%
- 2\gp M~ F TV
b=t N~ T2 (1 47

x (X — u, £)f2 (e + e2u, t) + g(e®r — e2u, 1) + O(e?).  (3.14)

If the initial conditions are such that the spatial variation of @, and $,; vanishes,
then a; = constant, and

3 3

a3 cos 36, + O(e%), (3.12)

. 8 + k2 + 2k*
ﬂl - ﬁlu’l (1 _ 2’02) (1 +k2)
Then, the free surface is still given by (3.12) but

8+ k24 24
(1 -2k (1+£?)
This solution is in agreement with those of Pierson & Fife (1961) and Nayfeh
(1970b).

Equation (3.12) shows that n —oo as k% = } or 1. These are the first two resonant
wave-numbers. The first resonant case is analyzed by Simmons (1969), McGold-
rick (1970b), and Nayfeh (19715). The second resonant case is analyzed in the
next section.

a7, + const. (3.15)

6, = x+ (k2+ 1)} [1 + {562 ] t+ O(e%). (3.16)
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4. Resonant case
In this case we assume that

ps— 3y = €*a, (4.1a)
where the determining o = O(1). Since x2 = n(n?k2+ 1), (4.1a) gives
1 2,3
k2=§+—g—ezo'+.... (4.1b)

With this expression for £2, (2.9)—(2.17) remain unchanged except % in (2.11),
(2.14),and (2.17) isreplaced by %, and the right-hand side of (2.17) is augmented by
the term (24/3/9)c(9%y,/0.X%).

The solution of the first-order problem is taken to be

M= —21 3[A1|,(X2’ Ty) e + A, (X, Ty) e=], (4.2)
b= ity B[4y, Ty e — A, (X, T ), (4.3)
where 0 =X,+puTy (p =24(3)/3). (4.4)

Substituting for 7, and ¢, into the second-order equations, and solving for 7,
and ¢@,, we get

o= 4(A2+ A, Ag)e2? —8A, Ayet 124 50 1 CC, (4.5)

B = — Bip,(A2+ A, A,)€2¥e?i0 + 124, A, AgeWel?
274p, A3e® ¢80 1 CC. (4.6)

With substitution of the first- and second-order solutions into (2.15), (2.16) and
the modified (2.17) we obtain

by PPy 04, . v 045 44 3y
3X2+3—y2 = ——2/,&13X e*re _6/"'13_)(26 (2 +CC (47)
s +?¢;3 biuy (23430, + 127224, + 384, A, 4,)— 21| g0
U 1
oT, oT,

+ [—1—16?:/,&1(315[1*1’— 1504, 4,4, —783424,) — 2‘;1, ] €3t
2

-1 ;51(325142 4674, A4,)A 5 —
3

29 iu,A%e?9 + CC, (4.8)
_9¢s 105
3T 3T, 39X2
_ - — . 04, 2.3 .
- [%/,L%(15A%Al+ 139424, + 144, A, A;) —ip, aTl % oA, +32 3X]ew
1 3 - 2 04, 04,
+ | L p2(64543 12904, A, A, — 2349434, )—zﬂlﬁ—2J30'A3+2z e G
2

— 3ud(1145A43 — 6434, A;) A €50 — 182772 4 4370 18832 43910 | O,
(4.9)
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To determine the conditions which must be satisfied for there to be no secular
terms in the solution of the third-order problem, we let

73=0, ¢3= (Bl # 3;1( ) e + (B:;—/tlz—}‘l(—::y) e390e3, (4.10)

Substituting into (4.8) and (4.9) and equating the coefficients of each of ¢* and
¢%% on both sides, we obtain

04, 04,

Bl—;tlaX = $ip, (28424, + 127424, 4384, 4, 4,;) — i (4.11)

— iy By = $u2(15A434, + 13943 A+ 144, Ay A) —ip, -2 T, 1 g; %ﬁ"aAl,
(4.12)
3B, aA3=_1 4,(31543 — 1504, A, A, — 78343 4,) — 24, (4.13)

/'LlaX 10 ll'tl aT H .

—3ipy By = 2543(64543 — 12904, 4, 4, — 234942 4,)

—%%‘;f +2 2345 ~2,/304, (4.14)

Elimination of B, and B, from (4.11)—(4.14) yields

g‘,}l 1234( Yoo, + i (TTATA, + 36942 A, + 1384, 4, 4,), (4.15)

2

‘2‘;1,3 3234( = $i0 Ay + i (20543 + 2304, 4, A, — 26143 4;),  (4.16)
2

where u, = ,/(3)/2 and u, = 5,/(3)/6 are the dimensionless group velocities of the
two modes. With the secular terms eliminated, the solution for 7, becomes

= C(Xy, Ty) € + Cy(X o, Tp) €30 + 15(15543. 4, — 12254, A;) €56
+23824, A% + 3107 A369% 4 complex conjugate, (4.17)
where the functions C; and (3 need to be determined by carrying out the expan-
sion to fourth order. This is not done in this paper, and these functions remain
undetermined.

To analyze the solutions of (4.15) and (4.16), we let 4,, = 1a, exp 18, with real
a, and S,, separate real and imaginary parts and obtain

a—~Tz——ulé—X——2 =—388) a%a,sina, (4.18)
oag dag 123
i, u38X2 =123y adsina, (4.19)
7 0
a (a’g,l la)ﬂ(l) Yoa, +dcpn (77062 + 369a%a, cos o + 138a,a2),  (4.20)

o (P, 2B
aT,” "aX
where a = f;—38,. (4.22)

) = $0a;3+ 5354,(305a3 cos a + 230a%a, — 261af), (4.21)
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There is no general solution available yet for the solution of (4.18)-(4.21) subject
to arbitrary initial conditions. In what follows, we assume that the initial
conditions are such that the spatial variation of «,, and g,, vanishes. The resultant
equations are similar in form to those obtained by Nayfeh & Kamel (1970)
for the problem of three-to-one resonances near the equilateral librations points
in the restricted problem of three bodies.

Using (4.22), we can combine (4.20) and (4.21) into

o, 3% A3
24T, 160
Adding a, times (4.18) to 3a, times (4.19), and integrating the resultant equation,
we obtain

= gay— [951a3 + 1845a3a, cos o+ 155a,a2 — 20508 cosa].  (4.23)

a%+3a = E, (4.24)

where E is a constant representing the energy density of the system. Equation
(4.24) shows that the liquid surface is always bounded in contrast with the three-
to-one resonances near the equilateral libration points (Nayfeh & Kamel) where
the motion may be unbounded. Elimination of 7}, from (4.18) and (4.23) yields

4

dcosoa laj 32
aa, o, + (3a§a3——§a—3) cos o = maal—%agal—f’z—laaf. (4.25)

Since a,da, = — 3a,da, from (4.24), the solution of (4.25) is

20
ﬁ%‘ﬁ*‘gg})% wrai+L, (4.26)
where L is another constant of integration. One more integral of the motion is
needed to complete the description of the motion; this integral seems to be avail-
able by numerical integration only.

The description of the motion can be reduced to the solution of a first-order
differential equation by letting

alascosa =

= Ef and hence a}=3E(1-§). (4.27)
Elimination of «, a3, a2 from (4.18), (4.26) and (4.27) yields
6 dE\2
(izs5ar,) = ©-c©. (4.28)
where F§) = +[£(1-6)1, (4.29)
L
GO =) | S+ EH (- B g T el @30

The functions ¥ (£) and G(£) are shown schematically in figure 1. Since a,, and
hence £, must be real, F2 must be greater than or equal to G2 The points where G
meets F correspond to the vanishing of d£/dT,, and hence the vanishing of both
da,[dT, and da,/dT,. A curve such as G, which meets one branch of F' at two dif-
ferent points or ¢; which meets both branches corresponds to a periodic solution
for a,, a; and &, and hence corresponds to an aperiodic wave.

On the other hand, a point such as P where (; touches F represents an equili-
brium point (stationary solution for a, and a;, and hence for «). Consequently,
the motion corresponding to such a point is a periodic wave. Periodic waves
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correspond to F' = ¢, which is equivalent to the stationary solutions of (4.18),
(4.19) and (4.23). The stationary solutions of these equations are given by

sinogg =0 or op=nm7, (4.31)

951a, + 1845a3(a,, cos nwr + 155a4,a%) — 20503, cos nw — (160/,/3) gasg = 0. (4.32)

G,
G
03} )
Gs
: -
05 0 ¢
F
0.3 -

Fiaure 1. Topology of motion.

The periodic wave solution obtained by Nayfeh (1970b) corresponds to (4.32)
with n = 0. Equation (4.32) is a cubic for a,, in terms of a,qcosnar. In the case
n = 0, Nayfeh (1970d) found that for any a, and o > — 5.835a%, there are three
real roots for agy/a,,. Two of these roots correspond to capillary-like waves while
the third root corresponds to a gravity-like wave. Below o = — 5-835a3, there
is only one real root for ayy/a,,, and hence one wave profile could exist. Figure 1
shows that any small disturbance would lead to a curve such as G, which meets
one branch of F at two different points, and hence the subsequent motion is an
aperiodic wave.

The motions discussed so far are pure phase-modulated waves (periodic
waves), and amplitude- and phase-modulated aperiodic waves. Pure amplitude-
modulated waves do not exist in this case because if #; and £, are constants,
« is constant, hence (4.20), (4.21) and (4.24) give constant values for ¢, and a, in
terms of the constants ¥ and «.

Equations (4.18)—(4.21) show that there exists a periodic wave with a, = 0.
In this case, a; = const., and

Bs = (30— 153 a2T,+ const). (4.33)
On the other hand, there is no solution in which a; = 0 while @, + 0.



394 A. H. Nayfeh

5. Summary

The method of multiple scales is used to investigate three-to-one resonances
(third-harmonic resonance) in the interaction of capillary and gravity wavesin a
deep liquid. Equations that govern the temporal as well as the spatial variation
of the amplitudes and phases of the fundamental and its third harmonic are
presented. Since there is no general solution available, yet, for these equations
subject to arbitrary initial conditions, the temporal behaviour of the solution is
investigated (the same results hold for the spatial variation).

The temporal variation of the amplitudes and the phases shows that the
motion is always bounded even at perfect resonance as in the second-harmonic
resonant case (Simmons 1969; McGoldrick 19705; Nayfeh 19715) and in contrast
with the cases of two-to-one (Nayfeh 1971 a) and three-to-one (Nayfeh & Kamel
1970) resonances near the equilateral libration points in the restricted problem
of three bodies where the motion may be unbounded. Since the introduction of
an external subsonic gas leads to instability in the second-harmonic resonance
case for certain flow conditions (Nayfeh 1971b), it may lead to instability in this
case. This still needs to be investigated.

The general motion is an aperiodic travelling wave. It is found that pure ampli-
tude-modulated waves are not possible even at perfect resonance, contrary to
the second-harmonic resonant case (Simons 1969; McGoldrick 1970b; Nayfeh
19715). However, pure phase-modulated waves are possible even near resonance
ag in the second-harmonic resonant case, and they correspond to periodic waves.
The non-linear motion adjusts the phases so that the wave speeds of the funda-
mental and its third harmonic are the same, thereby producing perfect resonance.
It is found that these periodic waves are unstable, in the sense that any distur-
bance applied to one of them would lead to an aperiodic wave.
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